A Connection Between Cutting Plane Theory and the Geometry of Numbers^∗

Gérard Cornuéjols Yanjun Li

Graduate School of Industrial Administration

Carnegie Mellon University, Pittsburgh, USA

March, 2002

Abstract

In this paper, we relate several questions about cutting planes to a fundamental problem in the geometry of numbers, namely, the closest vector problem. Using this connection we show that the dominance, membership and validity problems are NP-complete for Chvátal and split cuts.

Key words: Closest vector problem, dominance problem, membership problem, validity problem, Chvátal cut, split cut, disjunctive cut, Gomory cut.

1. Introduction

Given a rational polyhedron P = {x ∈ R^n|Ax ≤ b}, where A ∈ Z^{m×n} and b ∈ Z^m, a Chvátal cut [4] ax ≤ d is obtained from a valid inequality ax ≤ c for P , where a ∈ Z^n and d = ⌊c⌋. A split cut [5] ax ≤ d is a valid inequality for Conv(P ∩ {x ∈ R^n|πx ≤ π_0}, P ∩ {x ∈ R^n|πx ≥ π_0 + 1}) for some (π, π_0) ∈ Z^{n+1}, where Conv(P_1, P_2) denotes the convex hull of P_1 ⋃ P_2. Split cuts are an important special case of disjunctive cuts [2]. The equivalence between split cuts, Gomory mixed integer cuts and mixed integer rounding cuts was proved by Nemhauser and Wolsey [13, 14]. See also [6, 7]. Chvátal cuts are special split cuts where P ∩ {x ∈ R^n|πx ≥ π_0 + 1} is empty, π = a and π_0 = d. The intersection of all the cuts in a given family is called the elementary closure of P for this family. The elementary closure for Chvátal cuts is called Chvátal closure and for split cuts it is called split closure.

∗Supported by NSF grant DMI-0098427 and ONR grant N00014-97-1-0196.

A cut ax ≤ d for a rational polyhedron P dominates ãx ≤ d̃ if P ∩{x ∈ R^n|ax ≤ d} ⊆ P ∩ {x ∈ R^n|ãx ≤ d̃}. The dominance problem for a family of cuts is, given a rational polyhedron P and an inequality ãx ≤ d̃ with (ã, d̃) ∈ Z^{n+1}, to decide whether there exists a cut ax ≤ d for P in the family such that ax ≤ d dominates ãx ≤ d̃.

The membership problem [11, 15] for the elementary closure of a family of cuts is, given a rational polyhedron P and a rational point x^∗ ∈ P , to decide whether x^∗ belongs to the elementary closure of P for this family of cuts.

The validity problem for the elementary closure of a family of cuts is, given P and an inequality, to decide whether this inequality is valid for the elementary closure of P for the family of cuts. The validity problem for the Chvátal closure was considered in [9]. It is well known [11] that the membership and validity problems have the same computational complexity since optimizing a linear function over the elementary closure can be done using binary search to solve a sequence of membership problems.

One can verify that these three decision problems are in NP both for Chvátal cuts and split cuts. The complexity of the membership problem for the Chvátal closure was raised by Schrijver [15] and settled by Eisenbrand [8]. Using a result of Caprara and Fischetti, Eisenbrand reduces the weighted binary clutter problem [10] in a clever way to the membership problem to prove its NP-completeness. The complexity of the membership problem for the split closure was raised by Cornuéjols and Li [6] and recently settled by Caprara and Letchford [3]. They reduce the max cut problem to the membership problems for split cuts, balanced split cuts and binary split cuts, and thereby prove their NP-completeness. The dominance problem has not been studied previously in the literature. Note that it involves a single cut whereas, by contrast, the validity problem involves the whole elementary closure.

In this paper, we reduce the closest vector problem, a fundamental problem in the geometry of numbers, to the dominance and membership problems for Chvátal and split cuts, and concisely prove their NP-completeness even when P is a simplicial cone.

2. Connecting the closest vector problem to the dominance and membership problems

Given a vector b = (b_1, b_2, · · · , b_n) ∈ Q^n and n linearly independent vectors a_i = (a_{1i}, a_{2i}, · · · , a_{ni}) ∈ Q^n (1 ≤ i ≤ n), the Closest Vector Problem (CVP) is to find a vector closest to b in the lattice L = {x ∈ Q^n : x =^n ∑ i=1 k_ia_i, k_i ∈ Z, 1 ≤ i ≤ n}. CVP was shown to be NP-hard for any l_p-norm (p ≥ 1) [16]. The corresponding decision problem is NP-complete [12, 16]:

Lemma 1. Given b ∈ Q^n, a lattice L generated by n basis vectors a_i ∈ Q^n (1 ≤ i ≤ n), and u ∈ Q_+, the feasibility problem for (1) { ‖x − b‖_p < u, x ∈ L is NP-complete.

We are going to reduce the above feasibility problem for the l_∞-norm and l_1-norm to the dominance and membership problems for Chvátal and split cuts on a simplicial cone. Let ã_i = (ā_i, b_i) (1 ≤ i ≤ n) and ã_{n+1} = (0, 0, · · · , 0, −1), where ā_i = (a_{i1}, a_{i2}, · · · , a_{in}) ∈ Q^n (1 ≤ i ≤ n) are n arbitrary linearly independent vectors, and let b_i ∈ Q (1 ≤ i ≤ n). The simplicial cone that we will work on is

C = {x ∈ R^{n+1}|x = β +^{n+1} ∑ i=1 λ_iã_i, λ_i ≥ 0 for 1 ≤ i ≤ n + 1}, where β = (0, 0, · · · , 0,^1_2 ).

Theorem 2. The dominance problem for Chvátal cuts is NP-complete.

Proof. Consider the simplicial cone C defined above and an inequality ax ≤ d with (a, d) ∈ Z^{n+2} such that the hyperplane ax = d intersects the extreme rays of C at the points β + α_iã_i (1 ≤ i ≤ n + 1), where 0 < α_i < +∞ (1 ≤ i ≤ n) and α_{n+1} =^1_2 . An inequality πx ≥ π_0 + 1 is a Chvátal cut of C, where (π, π_0) ∈ Z^{n+2}, if and only if 0 < πβ − π_0 < 1 and πã_i ≥ 0 (1 ≤ i ≤ n + 1). Let ϵ = πβ − π_0. It is easy to check that the hyperplane πx = π_0 + 1 intersects the extreme rays of C at the points β + λ_iã_i, where λ_i =^{1−ϵ}_{πãi} (1 ≤ i ≤ n + 1). Note that when πã_i = 0, the hyperplane πx = π_0 + 1 is parallel to the ray ã_i, and by convention we let λ_i = +∞. The inequality ax ≤ d is dominated by πx ≤ π_0 + 1 if and only if α_i ≤ λ_i (1 ≤ i ≤ n + 1). Therefore the inequality ax ≤ d is dominated by a Chvátal cut of C if and only if there exists (π, π_0) ∈ Z^{n+2} such that 0 ≤ πã_i ≤^{1−ϵ}_{αi} (1 ≤ i ≤ n + 1) and 0 < ϵ < 1, where ϵ = πβ − π_0.

By the choice of β, we have 0 < ϵ =^{πn+1}_2 − π_0 < 1. Since π_0 and π_{n+1} are integer, it follows that ϵ =^1_2 and π_{n+1} is an odd number. By the choice of ã_{n+1} and α_{n+1}, it follows that 0 ≤ −π_{n+1} ≤ 1. Thus π_{n+1} = −1.

Let π = (π̄, π_{n+1}). Then ax ≤ d is dominated by a Chvátal cut on C if and only if there exists a solution π̄ to (2) { 0 ≤ π̄ā_i − b_i ≤^1_{2αi} , 1 ≤ i ≤ n, π̄ ∈ Z^n Let L be the lattice with basis vectors {a_i = (a_{1i}, a_{2i}, · · · , a_{ni})}^n_{i=1}. Because the feasibility problem for (1) (when p = ∞) is NP-complete, by Lemma 1, and (2) has a more general form than (1), the feasibility problem for (2) is NP-complete. □

Theorem 3. The dominance problem for split cuts is NP-complete.

Proof. A split cut from a disjunction (πx ≤ π_0) ∨ (πx ≥ π_0 + 1) that is not valid for C, must be violated by β. Thus 0 < πβ − π_0 < 1, i.e., 0 <^{πn+1}_2 − π_0 < 1. Let ϵ = πβ − π_0. Then ϵ =^1_2 and π_{n+1} is an odd number.

Let β + λ_iã_i (1 ≤ i ≤ n + 1), where λ_i > 0, be the n + 1 intersection points of the extreme rays of C with the split cut. Since these points are either on the hyperplane πx = π_0 or πx = π_0 + 1, we have

λ_i = {_{1−ϵ} πã_i , if πãi ≥ 0, ϵ −πã_i , if πãi < 0. Since ϵ =^1_2 , λ_i =^{12}_{|πãi|} (1 ≤ i ≤ n + 1). Let ax ≤ d with (a, d) ∈ Z^{n+2} be an inequality such that the hyperplane ax = d intersects the extreme rays of C at the points β + α_iã_i (1 ≤ i ≤ n + 1), where 0 < α_i < +∞ (1 ≤ i ≤ n) and α_{n+1} =^1_2 . Let π = (π̄, π_{n+1}). Now the inequality ax ≤ d is dominated by a split cut if and only if

(3) |π̄ā_i + π_{n+1}b_i| ≤^1_{2αi} , 1 ≤ i ≤ n, |π_{n+1}| ≤ 1, π_{n+1} is odd, π̄ ∈ Z^n is feasible. Since π_{n+1} can only take the value −1 or 1 and there is no sign restriction on π̄, (3) is feasible if and only if (4) { |π̄ā_i − b_i| ≤^1_{2αi} , 1 ≤ i ≤ n, π̄ ∈ Z^n is feasible.

Let L be the lattice with basis vectors {a_i = (a_{1i}, a_{2i}, · · · , a_{ni})}^n_{i=1}. Since (α_1, α_2, · · · , α_n) is an arbitrary positive rational vector, the NP-completeness of the feasibility problem for (4) follows from Lemma 1 (when p = ∞). □ Theorem 4. The membership problem for the split closure is NP-complete.

Proof. Let x^∗ = β +^1_4^{n+1} ∑ i=1 ã_i ∈ C be an interior point of C. Using results in the proof of Theorem 3, a split cut from the disjunction (πx ≤ π_0) ∨ (πx ≥ π_0 + 1) is violated by x^∗ if and only if^{n+1} ∑ i=1 1 4 λ_i < 1, where λi = 1 2 |πã_i| (1 ≤ i ≤ n + 1) and πn+1

is an odd number. Therefore, the point x^∗ is cut off by a split cut if and only if n+1∑ i=1 |πã_i| =^n ∑ i=1 |π̄ā_i + π_{n+1}b_i| + |π_{n+1}| < 2 has a solution π = (π̄, π_{n+1}) ∈ Z^{n+1}, where π_{n+1} is an odd number. Being odd and satisfying^n ∑ i=1 |π̄ā_i + π_{n+1}b_i| + |π_{n+1}| < 2 enforces π_{n+1} to be either −1 or 1. Because π̄ has no sign restriction, x^∗ is cut off by a split cut if and only if^n ∑ i=1 |π̄ā_i − b_i| < 1 has a solution π̄ ∈ Z^n. Now, the NP-completeness follows from Lemma 1 (when p = 1 and u = 1). □ Kannan’s proof [12] of Lemma 1 above (see also Theorem 5 in [1]) actually implies the NP-completeness of the following variant of CVP:

Lemma 5. Given b ∈ Q^n, a lattice L generated by n basis vectors a_i ∈ Q^n (1 ≤ i ≤ n), and u ∈ Q_+, the feasibility problem for (5) { ‖x − b‖_1 < u, x ∈ L, x ≥ b is NP-complete.

Theorem 6. The membership problem for the Chvátal closure is NP-complete.

Proof. Taking the same point x^∗ as in the proof of Theorem 4 and using the argument in the proof of Theorem 4 and the fact that πã_i ≥ 0 for a Chvátal cut, we conclude that x^∗ is cut off by a Chvátal cut if and only if (6) n∑ i=1 |π̄ā_i − b_i| < 1, π̄ ∈ Z^n, π̄ā_i ≥ b_i, 1 ≤ i ≤ n has a solution. The NP-completeness now follows from Lemma 5 (when u = 1). □

Using binary search to optimize a linear function over the elementary closure, it follows that the validity and membership problems have the same computational complexity. This implies the following result.

Corollary 7. The validity problems for the Chvátal and split closures are NPcomplete.

Acknowledgments: We thank Fritz Eisenbrand for his helpful comments and Daniele Micciancio for kindly pointing out the NP-completeness proofs in [1, 12].

References

[1] S. Arora, L. Babai, J. Stern and Z. Sweedyk, The hardness of approximate optima in lattices, codes, and systems of linear equations, Journal of Computer and System Sciences 54 (1997) 317–331.

[2] E. Balas, Disjunctive programming, Annals of Discrete Mathematics 5 (1979) 3–51.

[3] A. Caprara and A. Letchford, On the separation of split cuts and related inequalities, submitted to Mathematical Programming in October 2000. Revised August 2001.

[4] V. Chvátal, Edmonds polytopes and a hierarchy of combinatorial optimization, Discrete Mathematics 4 (1973) 305–337.

[5] W. Cook, R. Kannan and A. Schrijver, Chvátal closures for mixed integer programming problems, Mathematical Programming 47 (1990) 155–174.

[6] G. Cornuéjols and Y. Li, Elementary closures for integer programs, Operations Research Letters 28 (2001) 1–8.

[7] G. Cornuéjols and Y. Li, On the rank of mixed 0,1 polyhedra, Mathematical Programming 91 (2002) 391–397.

[8] F. Eisenbrand, On the membership problem for the elementary closure of a polyhedron, Combinatorica 19 (1999) 297–300.

[9] M. Hartmann, M. Queyranne and Y. Wang, On the Chvátal rank of certain inequalities, in G. Cornuéjols, R. Burkard and G. Woeginger (Eds.), Integer Programming and Combinatorial Optimization, Lecture Notes in Computer Science 1610 (1999) 218–233.

[10] M. Garey and D. Johnson, Computers and Intractability: A Guide to the Theory of NP-Completeness, Freeman, San Francisco, 1979.

[11] M. Grötschel, L. Lovasz and A. Schrijver, Geometric Algorithms and Combinatorial Optimization, Springer-Verlag, Berlin, 1988.

[12] R. Kannan, Minkowski’s convex body theorem and integer programming, Mathematics of Operations Research 12 (1987) 415-440.

[13] G. Nemhauser and L. Wolsey, Integer and Combinatorial Optimization, John Wiley and Sons, New York, 1988.

[14] G. Nemhauser and L. Wolsey, A recursive procedure to generate all cuts for 0-1 mixed integer programs, Mathematical Programming 46 (1990) 379–390.

[15] A. Schrijver, Theory of Linear and Integer Programming, John Wiley and Sons, New York, 1986.

[16] P. van Emde Boas, Another NP-complete problem and the complexity of computing short vectors in a lattice, Technical Report 81-04, Math. Inst., Univ. of Amsterdam, 1981.