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Intersection cuts were introduced by Balas and the corner polyhedron by Gomory. Balas showed that
intersection cuts are valid for the corner polyhedron. In this paper we show that, conversely, every
nontrivial facet-defining inequality for the corner polyhedron is an intersection cut.
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We consider a mixed integer linear set

Ax=0Db
xez forj=1,...,p (1)
x>0 forj=1,...,n

where p < n, Ais a matrix in Q™*", and b is a column vector in Q™.
We assume that A has full row rank m. Given a feasible basis B, let

N = {1,...,n} \ Bindex the nonbasic variables. We rewrite the

system Ax = b as

xi=bi— Y @y forieB 2)
JjeN

where b; > 0, i € B.

The corner polyhedron introduced by Gomory [7] is obtained
from (1) by dropping the nonnegativity restriction on all the basic
variables x;, i € B, in (2). Note that in this relaxation we can drop
the constraintsx; = bi—3 ;. ayx; foralli € BN{p+1, ..., n}since
these variables x; are continuous and only appear in one equation
and no other constraint. Therefore from now on we assume that all
basic variables in (2) are integer variables, i.e.B C {1, ..., p}.

Therefore the relaxation of (1) introduced by Gomory is the
mixed integer set

X,':Bi—zt_l,‘jx]' fori € B

jenN
Z fori=1,...,p (3)
0 forj € N.

Xi
Xj

[V m
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The convex hull of the feasible solutions to (3) is called the cor-
ner polyhedron relative to the basis B and it is denoted by corner(B).

Let P(B) be the linear relaxation of (3). P(B) is an_|N|-
dimensional polyhedron with a unique vertex, namely x; = b;, for
i € Bx; = 0,forj € N, and with |N| extreme rays, ¥ forj € N,
defined by

) —(_?lhj ifh e B,
=1 ifj=h (4)
0 ifheN\{j).

The corner polyhedron has been investigated over the last few
decades. It is well known, and easy to prove, that corner(B) is
nonempty if and only if there exists a point in ZP x R" P satisfying
Xi = b — ZjeN azx; for all i € B. Furthermore, if corner(B) is
nonempty, then it is |N|-dimensional, and its extreme rays are i/
for j € N. We will assume throughout this article that corner(B) is

nonempty.
Clearly, P(B) coincides with corner(B) whenx; € Z fori =
1, ..., p. If this is not the case, x does not belong to corner(B)

and we address the problem of finding valid inequalities for the
set (1) that are violated by the point x. Balas [2] proposed the
following construction to generate valid inequalities for the corner
polyhedron that cut off the basic solution x.

Consider a closed convex set C C R" such that the interior of C
contains the point Xx. Assume that the interior of C contains no point
inZP x R"P. For j € N, define

aj = max{a > 0: X+ af € C}. (5)
Since X is in the interior of C, o; > 0. When r; belongs to the recession
cone of C, we have oj = +00. Define +%oc = 0. The inequality

LA
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is the intersection cut defined by C.

Balas [2] showed that intersection cuts are valid for corner(B).
The following theorem provides a converse statement, namely that
corner(B) is defined by the intersection cuts.

A valid inequality for corner(B) is trivial if it is implied by the
nonnegativity constraints x; > 0, j € N. Every nontrivial valid
inequality for corner(B) can be expressed in terms of the nonbasic
variables only, and can be writtenin the form } ;. ¥Xj = 1,where
y; = O0forallj € N. We say that such an 1nequa11ty is minimal if
there is no other valid inequality Z;ezv yj x; > 1 for corner(B) such
that y < y;forallj € N, and the inequality is strict for at least one
1ndex1 € N.We say that it is rational if y; € Q for all j € N. Since
A and b are rational, every nontrivial facet-defining inequality for
corner(B) is rational and minimal.

Theorem 1. If corner(B) is nonempty, every nontrivial rational
minimal valid inequality for corner(B) is an intersection cut.

Proof. Assume that corner(B) is nonempty, and let ZjeN yixp > 1
be a rational minimal valid inequality for corner(B). Consider the
simplex

S = xeR"lZijjfl,ijOforjeN,
JjeN

Xi = bi — Z&ijfori €B
JjeN

We will enlarge S into a convex set C containing X in its interior
but no point of Z” x R"7?, and observe that ) ;_y ¥j%; < 1is the
intersection cut defined by C. This is stralghtforward in the pure
integer case, since we only need to relax the inequalities x; > 0,
Jj € N.The crux of the proof is how to do this in the mixed integer
case. We first project S onto the space of integer variables (note
that any polytope may arise as the projection of a simplex), then
we enlarge it to a set K and construct a cylinder over K.

(1) No face F of S containing X has a point of ZP x R"~P in its relative
interior (including the improper face F = S).

Indeed, let X be a point of S in ZP x R™ P, Since S C P(B), X
belongs to corner(B) and since ZjeN yjXj > 1is a valid inequality
for corner(B), then } .y ¥j% = 1.

Let F be a face of S containing x, and suppose that x is in the
relative interior of F. Then there exists a scalar A > 1 such that
z=X+A(x—Xx)isinF.Sincex; =0, j € Nand } .y y% = 1,
then ) iy ¥z > 1. This contradicts the fact thatz € S and (1) is
proven.

Let S = S + L where L = {0} x R"P. Since S is a rational
polyhedron and the lmeahty space of S contains L, the polyhedron
ScanbeexpressedasS—{xeR“ |Zp 1cx]<d,, i=1,...,t}

for some c! ,ct € ZP and dy,...,d; € Z.(Indeed {x € ]RP |

f 1 cjx] < d,, i=1,...,t}isthe projection of S onto R".)

(2) No face of S containing % has a point of ZP x
interior,

LetheafaceofS and let F = SN F. Then F is a face of S
and F = F + L. Therefore, since L is in the lineality space of F,
we have relint(li‘) = relint(F) + L, where relint(-) denotes the
relative interior of a set. Assume F contains X. Since X belongs to
Sand F = S N F, we have X € F. Assume relint(F) contains X in
7P x R™P_ Then x + L is contained in relint(l:') N (Z°P x R"7P).
Since relint(I:") = relint(F) + L, we have X + L contains a point in
relint(F) N (ZP x R"P), a contradiction to (1). This proves (2).

(3) There exists a convex set K C RP with no point of ZP in its interior
such that the set C := K x R"™P contains X in its interior and S < C.

Assume, without loss of generality, that x satisfies at equality
the first h constraints defining§ (possibly h = 0), and none of the
other constraints. That is

R™P in its relative

p .
i=
E Cij < d,‘

Defined; = d;+1fori=1,...,

i=h+1,...,¢

handd; =d;fori=h+1,...,t,

andlet K = {x € RP | Zlec}xj <d,....i=1,...,t}and
C = K x R"P. Note that C = {x € R" | Z}’Zlcjxj <d,...,i=
1, ..., t}. By construction, X is in the interior of C and S C C.

We only need to show that K contains no point of Z” in its
interior. Suppose not. Then there exists X € ZP x R""? such that
X is in the interior of C. Hence )}, ¢j% < djfori = 1,...,¢t.
By definition of d’ and since X € Zforj = 1,...,p, we have

]’-’:16]?)?] < difori = choand Y77 ¢% < difori =
h+1,...,t. Let] be the set of indices i such that Zp c xj =d,
and F = {x es | Zp 1cxj = d;, i € J}. By construction, Fisa
face of S containing , and X is a point of Z° x R" in the relative
interior of F, a contradiction to (2) and this proves (3).

Let Y joy o 'x; > 1be the intersection cut defined by C, where
«; is defined by (5) for all j € N. Since X + yj_1f1 € SandS C C,
< «j,j € N.By minimality of
L thusy; = @ forallje N. O

the definition of o; implies y_]
> jen V% = 1, we have y; < o

We conclude this note with two consequences. The convex
sets needed to generate minimal intersection cuts are of the form
K xR"™P where K is a maximal lattice-free convex set in RP (lattice-
free means that K does not contain any point of Z? in its interior). A
theorem of Lovasz [9] states that maximal lattice-free convex sets
are polyhedra.

An attractive feature of minimal intersection cuts is that they
are given by “formulas” depending only on the number p of integer
variables and the vector b € R/®l. Indeed, let X € RP be defined
by X; = X;,i = 1,...,p. Given a lattice-free convex set K C R?
containing X in its 1nter10r let yx : RP — R be the gauge of K — X,
which is defined by

k() =inf{t |[X+t"'r eK}, reRP.

Then the intersection cut defined by K x R" P is ),y v (@)s; > 1,

where 7/ € RP is defined by # = #,i = 1,...,p. Note that
the above function yy gives a valld mequallty for any choice of the
coefficients a; and for any number of continuous variables.

A function ¢ : RP — R is a valid function if ZjeN W(Fj)xj > 1is
valid for corner(B) for any choice of the a;s and for any number
of continuous variables. Our theorem, together with a result of
Borozan and Cornuéjols [4], implies that all valid functions are
dominated by functions of the form yy, for some lattice-free convex
set K, and furthermore every inequality of corner(B) is generated
by some valid function. This proves the following.

Corollary 2. Every minimal valid function is continuous and piece-
wise linear.

This is related to a conjecture of Gomory and Johnson [8], stating
that all valid functions for the infinite group problem are piecewise
linear. This conjecture was disproved in [3], although the above
corollary shows that the statement holds when the number of
integer variables is fixed.

A nontrivial result in integer programming is that, for a mixed
integer linear set (1) with rational data, the split closure is a
polyhedron (Cook, Kannan and Schrijver [5]; alternate proofs are
presented in [1,6,10]). The split closure is the set obtained from all
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intersection cuts generated from all bases (feasible and infeasible)
and all split disjunctions [ 1]. More generally, define the intersection
closure of a mixed integer linear set as the set obtained from all
intersection cuts generated from all bases (feasible and infeasible)
and all lattice-free convex sets. Theorem 1 implies that, for a mixed
integer linear set with rational data, the intersection closure is the
intersection of a finite number of corner polyhedra. Therefore the
intersection closure is a polyhedron.

Corollary 3. The intersection closure of a rational mixed integer
linear set is a polyhedron.
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