Every nontrivial facet-defining inequality
for the corner polyhedron is an intersection cut
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Abstract

Intersection cuts were introduced by Balas and the corner polyhedron by Gomory.
It is a classical result that intersection cuts are valid for the corner polyhedron. In this
paper we show that, conversely every nontrivial facet-defining inequality for the corner
polyhedron is an intersection cut.
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We consider a mixed integer linear set

Axr=1b
rj€Z forj=1,...,p (1)
z; >0 forj=1,....n

where p < n, the matrix A € Q™*"™ and the column vector b € Q™. We assume that A
has full row rank m. Given a feasible basis B, let N = {1,...,n} \ B index the nonbasic
variables. We rewrite the system Ax = b as

z;, = b;— ZjEN QT for i € B. (2)

where b; >0, i € B.
The corner polyhedron introduced by Gomory [3] is obtained from (1) by dropping the
nonnegativity restriction on all the basic variables x;, i € B, in (2). Note that in this
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relaxation we can drop the constraints z; = b; — ZjeN a;jx; foralli € BN{p+1,...,n} since
these variables x; are continuous and only appear in one equation and no other constraint.
Therefore from now on we assume that all basic variables in (2) are integer variables, i.e.
B C{1,...,p}.

Therefore the relaxation of (1) introduced by Gomory is the mixed integer set

T, = BZ — EjeN QT forie B
r, € 7 fori=1,...,p (3)
z; =2 0 for j € N.

The convex hull of the feasible solutions to (3) is called the corner polyhedron relative to
the basis B and it is denoted by corner(B).

Let P(B) be the linear relaxation of (3). P(B) is a polyhedron whose vertices and extreme
rays are simple to describe. Indeed, Z; = b;, for i € B, Z; =0, for j € N is the unique vertex

of P(B). The recession cone of P(B) is defined by the following system of inequalities
€X; _ZjeNaijxj forie B
0 for j € N.
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Since the projection of this cone onto RY is defined by the inequalities x; >0, j € N and
variables x;, ¢ € B are defined by the above equations, its extreme rays are the vectors
satisfying at equality all but one nonnegativity constraints. Thus there are | V| extreme rays,
77 for j € N, defined by

' —Qhj if h e B,
Fi: 1 if j=h, (4)
0 ifhe N\{j}

Remark 1. The vectors #, j € N are linearly independent. Hence P(B) is an |N|-
dimensional polyhedron whose affine hull is defined by the equations x; = Bi_ZjeN a;jxj fori €
B. Therefore the projection of P(B) onto RN is an |N|-dimensional polyhedron that com-
pletely determines P(B).

The rationality assumption of the matrix A will be used in the proof of the next lemma.
We denote the affine hull of a set by aff(-).

Lemma 2. Ifaff(P(B)) contains a point in ZP x R"™P, then corner(B) is an |N|-dimensional
polyhedron. Otherwise corner(B) is empty.

Proof. Since corner(B) is contained in aff(P(B)), corner(B) is empty when aff(P(B)) con-
tains no point in ZP x R"7P,

Next we assume that aff (P(B)) contains a point in ZP x R"~P and we show that corner(B)
is an |N|-dimensional polyhedron. We first show that corner(B) is nonempty.

Let o’ € ZP x R"7P belong to aff(P(B)). Then z} = b; — > jen @iy for i € B.

Let N~ be the subset of indices in j € N such that x; < 0. If N~ is empty, 2’ belongs
to corner(B). Let D € Z" be such that Da,; € Z for all i € B and j € N~. Define the point
2" as follows
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Since z” belongs to corner(B), this shows that corner(B) is nonempty.

Since P(B) is a rational polyhedron, by a theorem of Meyer [4], the recession cones of
P(B) and corner(B) coincide. Since the dimension of both P(B) and its recession cone is
|N| and corner(B) C P(B), the dimension of corner(B) is |NV|. O

P(B) coincides with corner(B) when z; € Z for i = 1,...,p. If this is not the case,
does not belong to corner(B) and we address the problem of finding valid inequalities for
the set (1) that are violated by the point Z. Balas [2] proposed the following construction to
generate valid inequalities for the corner polyhedron that cut off the basic solution z.

Consider a closed convex set C' C R™ such that the interior of C contains the point .
Assume that the interior of C contains no point in ZP xR"™P. In particular C does not contain
any feasible point of (3) in its interior. For each of the |N| extreme rays of corner(B), define

aj =max{a>0: & +a’ € C}. (5)

Since T is in the interior of C, aj > 0. When the half-line {T + ol : a > 0} intersects the
boundary of C, then «; is finite, the point T + ;7 belongs to the boundary of C and the
semi-open segment {Z + ar’, 0 < o < 1} is contained in the interior of C. When rj belongs
the recession cone of C', we have a; = +00. Define +%.O = 0. The inequality

> (6)

jEN Qj
is the intersection cut defined by C'.

Theorem 3. (Balas [2]) Let C C R™ be a closed convex set whose interior contains the point
Z but no point in ZP x R"P. The intersection cut (6) defined by C is a valid inequality
for corner(B).

Proof. The set of points of the linear relaxation P(B) of corner(B) that are cut off by (6) is
S:={zx eR": x; = bi—zjgzvdijl'j fori=1,...,¢,2; > 0,5 € N, ZjeN% < 1}. We
will show that S is contained in the interior of C. Since the interior of C' does not contain a
point in ZP x R™" 7P the result will follow.

Consider polyhedron S := {x € H}” P =bi— Y ey fori=1,...,q,2; >0, j €
N, Zje N z—; < 1}. By Remark 1, S is a |N|-dimensional polyhedron with vertices  and
T + ;7 for o finite and extreme rays 7; for a; = 4+00. Since the vertices of S that lie on
the hyperplane {z € R" : ZjeN Z—; = 1} are the points T + o7 for «; finite, Qvery point in
S can be expressed as a convex combination of points in the segments {Z + a7/, 0 < a < 1}
for a; finite, plus a conic combination of extreme rays 7;, for o;j = +00. Since the interior
of C contains the segments {Z + o/, 0 < o < 1} for «; finite and the rays 7; for a; = +o0
belong to the recession cone of C, the set S is contained in the interior of C. O

Theorem 3 shows that intersection cuts are valid for corner(B). The following theorem
provides a converse statement, namely that corner(B) is defined by the intersection cuts.

Since equations x; = b; — > .oy @ijx; for i € B define the affine hull of P(B) and
corner(B) C P(B), every valid inequality for corner(B) can be written as >,y v;z; > d in
terms of the variables x; for j € N only.



Assume that corner(B) is nonempty and that >,y yj2; > 0 is a valid inequality for
corner(B). Then v; > 0 for all j € N. Indeed, if v+ < 0 for some j* € N, then consider
7" defined in (4). We have djeN ’yjfg* =+ < O,‘ hence min{}_;c y vz [z € corner(B)} is
unbounded, because corner(B) is nonempty and 7/ is a rational ray in the recession cone of
corner(B).

If 6 <0, the inequality jeN Vj%; = 0 Is trivial since it is implied by the nonnegativity
constraints z; > 0, j € N. If § > 0, multiplying by 6! both sides of ZjeN VT > 0, we
may assume without loss of generality that 6 = 1. Hence every nontrivial valid inequality
for corner(B) can be written in the form ) jen vty = 1. We say that such an inequality is
minimal if there is no other valid inequality >, y7jz; > 1 for corner(B) such that v; < v;
for all j € N, and the inequality is strict for at least one index j € N.

Theorem 4. If corner(B) is empty, the inequality E]EN Ox; > 1 is an intersection cut
for corner(B). If corner(B) is nonempty, let 3 . nv;jx; > 1 be a nontrivial minimal valid
inequality for corner(B) with rational coefficients. Then ZjeN viz; = 1 4s an intersection
cut.

Proof. Assume first that corner(B) is empty. By Lemma 2, aff(P(B)) contains no point in
ZP x R""P. By the "Mixed Integer Farkas’ Lemma” [1], there exist an equation Y 4, a;z; = b
where a; € Zi =1,...p and b € R\ Z such that aff(P(B)) C {z € R" : >¥ | a,z; = b}.
(This is a certificate that aff(P(B)) contains no point in Z? x R"P).

Therefore {z € R™ : [b] < >P a;z; < [b]} is a full-dimensional convex set whose
interior contains aff(P(B)) (and hence Z) but no point in ZP x R"P,

Since P(B) C aff(P(B)) C C, for every ray r/ of the recession cone of P(B), max{a >
0: Z+ai € C} = +oo for every r/ in the recession cone of P(B). Hence the intersection
cut defined by C'is ) jen 0z > 1, showing that corner(B) is empty.

Assume now that corner(B) is nonempty and consider the polyhedron

S={zeR"| Zijjgl, xzj > 0 for j € N, xi:i)i—Zdijxj for i € B}.
JEN JEN

(1) No face F of S containing T has a point of ZP x R™"™P in its relative interior (including
the improper face F = S).

Indeed, let Z be a point of S in ZP x R"7P. Since S C P(B), & belongs to corner(B) and
since ) ;- ;@5 > 1 is a valid inequality for corner(B), then 3,y v;%; = 1.

Let F' be a face of S containing Z, and suppose that Z is in the relative interior of F'.
Then there exists a scalar A > 1 such that z =z + A(Z — ) isin F. Since z; =0, j € N and
> jen ViTj =1, then > .y v;jz; > 1. This contradicts the fact that z € S and (1) is proven.

Let S = S+ L where L = {0}? x R""P. Since S is a rational polyhedron and the lineality
space of S contains L, the polyhedron S can be expressed as S = {z € R"| Z?:l cz.:cj <
di, i = 1,...,t} for some integral vectors c',...,c' € ZP and dy,...,d; € Z. (Indeed {z €
RP| 320 by < d;, i=1,...,t} is the projection of S onto R.)

(2) No face of S containing T has a point of ZP x R™™P in its relative interior.



Let F be a face of S and let F = SN F. Then F is a face of S and F = F + L. Therefore
since L is in the lineality space of F', we have relint(F) = relint(F)+ L, where relint(-) denotes
the relative interior of a set.

Assume F' contains Z. Since Z belongs to S and F = SN F, we have & € F.

Assume relint(F) contains Z in ZP x R"?. Then Z + L is contained in relint(F) N (Z x
R"™P). Since relint(F) = relint(F) + L, we have # + L contains a point in relint(F) N (Z? x
R™P), a contradiction to (1). This proves (2).

(3) There exists a convexr set K C RP with no point of ZP in its interior such that the set
C = K x R"™P contains T in its interior and S CcC.

Assume, without loss of generality, that T satisfies at equality the first h constraints
defining S (possibly h = 0), and none of the other constraints. That is

P s C .
o1 €T = di 1=1,...,h;

Z?Zlc;@j < di t=h+1,...,t.
Define d; = d; + 1 fori =1,...,h and d, = d; for i = h+1,...,t, and let K = {z €
RP| YL oy <dj,...,i=1,...,tfand C = KxR"?. Note that C' = {z eRY| 30, clay <
di,...,i=1,...,t}. By construction, Z is in the interior of C' and S C C.

We only need to show that K contains no point of ZP in its interior. Suppose not. Then
there exists € Z” x R"? such that z is in the interior of C. Hence Z§:1 Ty < d; for
i=1,...,t. By definition of d’ and since z; € Z for j =1, ..., p, we have Z§:1 c}ij < d; for
i=1,...,h, and Z§:1 cé:i"j <d;fort=h+1,...,t. Let J be the set of indices ¢ such that
Z?:l cgzij =dj,and F ={z e S| Z?:l c?a?j =d;, i € J}. By Construc‘cNion, F is a face of §
containing z, and Z is a point of Z? x R™7P in the relative interior of F', a contradiction to
(2) and this proves (3).

For h € N, let 3, be the largest 3 such that Z+37" isin S. Since 1 = ZjeN ’yj(a_cj—i—ﬂhf;-‘) =
VB, then v, = B; ' ‘ )

Let a; be the largest scalar such that z 4 a7/ isin C, j € N. Since S C S C C, o > f3;
for every j € N, hence 7; > a; . Therefore the intersection cut defined by C, namely

J
ZJEN aj_lxj > 1, dominates the inequality ZJEN vjx; > 1. Since the latter is minimal,
Vi = aj_l, jEeN. O

Corollary 5. Assume that corner(B) is nonempty. Then every nontrivial facet defining
inequality for corner(B) is an intersection cut.

Proof. Let Zje N7YjZ; > 1 be a facet defining inequality for corner(B) and let F' be the
corresponding facet of corner(B).

We first show that >,y v;z; > 1 is a minimal inequality. Let 3,y vjzj > 1 be a valid
inequality for corner(B) such that 4; < «; for all j € N. The face [ of corner(B) that it
defines contains F. Since F” is distinct from corner(B) and F is a facet, we have F' = F.
By the unique representation of facets it follows that 'yg- = v, for all j € N. Therefore
> jen Vj%; = 1 is a minimal inequality.

Furthermore, by Meyer’s theorem, every facet defining inequality of corner(B) has rational
coefficients. Now the corollary follows from Theorem 4. O
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